
8.3 - Nonhomogeneous Linear Systems

𝛚ω = 𝛆𝛚 + 𝛝(𝜔) is a nonhomogeneous system if 𝛝(𝜔) ⋛ 𝛡.

Example: Use the method of undetermined coe!cients to solve the given non-

homogeneous system.

𝛚ω =
⌋

1 ε4
4 1 ⌈

𝛚 +
⌋

4𝜔 + 9𝜀6𝜔

ε𝜔 + 𝜀6𝜔 ⌈



Variation of parameters

The complementary solution is 𝛚𝜗(𝜔) = 𝛠(𝜔)𝛓.

De!nition: 𝛠(𝜔) is the fundamental matrix of the system.

For a systemwith independent solutions, theWronskian is nonzero, so𝛠ε1 exists.

Since ϑ is a solution to 𝛚ω = 𝛆𝛚, we have 𝛠ω = 𝛆𝛠. Suppose
𝛚𝜛 = 𝛠(𝜔)𝛗(𝜔), where 𝛗(𝜔) is a column matrix of unknown functions.



𝛚(𝜔) = 𝛠(𝜔)𝛓 + 𝛠(𝜔)
ˆ

𝛠ε1(𝜔)𝛝(𝜔) 𝜚𝜔

Example: Use variation of parameters to solve the given nonhomogeneous sys-

tem.

𝜚𝜍
𝜚𝜔

= 2𝜍 ε 𝜑

𝜚𝜑
𝜚𝜔

= 3𝜍 ε 2𝜑 + 4𝜔





Example: Use variation of parameters to solve the given nonhomogeneous sys-

tem.

𝛚ω =
⌋

2 ε1
4 2 ⌈

𝛚 +
⌋

sin 2𝜔
2 cos 2𝜔 ⌈

𝜀2𝜔



For an initial-value problem of the form 𝛚ω = 𝛆𝛚 + 𝛝(𝜔), 𝛻(𝜔0) = 𝛚0, we have

𝛚 = 𝛠𝛓 + 𝛠
´ 𝜔
𝜔0
𝛠ε1(𝜕)𝛝(𝜕) 𝜚𝜕 ⋜ 𝛚(𝜔0) = 𝛠(𝜔0)𝛓 ⋜ 𝛓 = 𝛠ε1(𝜔0)𝛚(𝜔0).

Thus,

𝛚(𝜔) = 𝛠(𝜔)𝛠ε1(𝜔0)𝛚(𝜔0) + 𝛠(𝜔)

𝜔ˆ
𝜔0

𝛠ε1(𝜕)𝛝(𝜕) 𝜚𝜕

Example: Solve the given initial-value problem.

𝛚ω =
⌋

1 ε1
1 ε1 ⌈

𝛚 +
⌋

1/𝜔
1/𝜔 ⌈

, 𝛚(1) =
⌋

2
ε1 ⌈






